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Abstract 

p 1 We would like to present some exact SU(2) Yang-Mills-Higgs dyon solu- 

tions of one half monopole charge. These static dyon solutions satisfy the 
first order Bogomol'nyi equations and are characterized by a parameter, m. 
They are axially symmetric. The gauge potentials and the electromagnetic 
^ ■ fields possess a string singularity along the negative z-axis and hence they 

possess infinite energy density along the line singularity. However the net 
electric charges of these dyons which varies with the parameter m are finite. 



1 Introduction 

The SU(2) Yang-Mills-Higgs (YMH) field theory in 3 + 1 dimensions, with the 
Higgs field in the adjoint representation possess both the magnetic monopole and 
multimonopole solutions 0-0]- The 't Hooft-Polyakov monopole solution with non 
zero Higgs mass and self-interaction is the first monopole solution that possess 
finite energy. This numerical, spherically symmetric monopole solution of unit 
magnetic charge is invariant under a U(l) subgroup of the local SU(2) gauge group 

III 

Configurations of the YMH field theory with a unit magnetic charge are in 
general spherically symmetric PP~[H] although exceptions do exit j^J. All other 
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monopole configurations with magnetic charges greater than unity possess at most 
axial symmetry |1] and it has been shown that these solutions cannot possess 
spherical symmetry [H]. 

Until now, exact monopole and multimonopoles solutions exist only in the 
Bogomol'nyi-Prasad-Sommerfield (BPS) limit Outside of this limit, where 

the Higgs field potential is non- vanishing only numerical solutions exist. Asym- 
metric multimonopole solutions with no rotational symmetry are all numerical 
solutions even in the BPS limit [7j. 

Recently, we have also shown that the extended ansatz of Ref. [Hj possesses 
more exact multimonopole-antimonopole configurations. The anti-configurations 
of all these multimonopole-antimonopole solutions with all the magnetic monopole 
charges reversing their sign were also constructed [SJ. Hence monopoles becomes 
antimonopoles and vice versa. Solutions with vortex rings in the presence of an 
antimonopole-monopole-antimonopole (A-M-A) chain were also discussed [TO] • We 
have also shown the existence of half-integer topological monopole charge solutions. 
This configuration possesses axial symmetry and a Dirac-like string singularity 
along the negative z-axis [5]. The existence of smooth Yang-Mills potentials which 
correspond to monopoles and vortices of one-half winding number has been demon- 
strated in Ref. JT] but no exact or numerical solutions of the YMH equations have 
been given. 

In this paper, we would like to reexamine the axially symmetric one half 
monopole solutions of the Ref. [5] once again in more detail by introducing electric 
charge to the system, hence creating what is called a dyon solution with a one half 
monopole charge. The procedure of introducing an electric charge to a monopole 
solution is standard and was first shown by Julia and Zee in 1975 [T2*] . 

The one half monopole that was presented in Ref. [5 is a particular case when 
the solution parameter m = — 1/2. In this paper, we would like to show that the 
one half monopole solution actually possesses a parameter m, where — 1/2 < m < 
0. The Higgs field of this one half monopole solution does not possess any point 
zeros and hence there are no other monopoles in the configuration except the one 
half monopole which is located at r = 0, where the Higgs unit vector, $ a , becomes 
indeterminate and the Higgs field is singular. 

By applying Gauss' Law to the electric field of this dyon solution at large r, we 
find that the electric flux seems to come from a net electric charge of decreasing 
magnitude as m approaches zero. When m — 0, the dyon solution of one half 
monopole charge becomes the dyon of the Wu-Yang type monopole jH] with unit 
magnetic charge and zero net electric charge. 

We briefly review the SU(2) Yang-Mills-Higgs field theory in the next section 
and introduce the modified axially symmetric magnetic ansatz jH] in section 3. We 
also discuss the dyon solutions of one half monopole charge and their electromag- 
netic properties in section 3 and end with some comments in section 4. 



2 



2 The SU(2) Yang- Mills- Higgs Theory 



The SU(2) YMH Lagrangian in 3+1 dimensions is given by 



C = --F a F aiiV + -D^ a D^ a - -A($ a $ a - ^) 2 , (1) 
4 2 4 A 



where /i is the Higgs field mass, A is the strength of the Higgs potential and \ij \f\ 
is the vacuum expectation value of the Higgs field. The Lagrangian (JTJ) is gauge 
invariant under the set of independent local SU(2) transformations at each space- 
time point. The covariant derivative of the Higgs field and the gauge field strength 
tensor are given respectively by 

D^ a = d^ a + e abc A b ^ c , (2) 
F« v = d.Al-dvAl + e^AlAl. (3) 

Since the gauge field coupling constant, can be scaled away, we set it to one without 
any loss of generality. The metric used is g^ v = ( — h ++)• The SU(2) internal 
group indices a, b, c run from 1 to 3 and the spatial indices are fi, v, a — 0, 1, 2, and 
3 in Minkowski space. 

The equations of motion that follow from the Lagrangian are 

D^F^ = d^F^ + e abc A b »F* v = e abc $ b D u $ c , 

D^D^ a = -A$ a ($ b $ b - ?-). (4) 

A 

Non-BPS solutions to the YMH theory are obtained by solving the second order 
differential equations of motion (£Q), whereas BPS solutions can be more easily 
obtained by solving the Bogomol'nyi equations, 

which is of first order. 

The Abelian electromagnetic field tensor as proposed by 't Hooft PQ is 

Fpv = ^ a F^ v -e abc ^ a D^ b D v ¥ 

= d»A v - d v A^ - e abc ¥d^ b d^ c , (6) 



where A^ = $ a A^, $ a = $ a /|$|, |$| = \ / & a & a . Hence the 't Hooft electric field 
is Ei = F 0i , and the 't Hooft magnetic field is Bi = —\eijkFjk, where the indices, 
i,j, k = 1,2,3. The topological magnetic current, which is also the topological 
current density of the system is [THj 

K = ^ W e ^ dU & dP & d ^ c - (7) 
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Therefore the corresponding conserved topological magnetic charge is 

M = J d 3 x k = j d 2 Oi B { . (8) 

In the BPS limit when the Higgs potential vanishes, the energy can be written 
in the form 

E = ^ J di{B?<5> a ) d 3 x + J -(£?±A$ a ) 2 d 3 x 

= tJ di(B^ a ) d 3 x = ^M-^=, (9) 

where M is the "topological charge" when the vacuum expectation value of the 
Higgs field, -4=, is non zero coupled with some non-trivial topological structure of 
the fields at large r. 



3 The Dyons 
3.1 The Ansatz 

The static gauge fields and Higgs field that will lead to the dyon solutions of one 
half monopole charge are given respectively by, jH], J2j 

A a Q = sinh 7 ($ 1 f a + $ 2 0°), 

A1 = l -ijj{r) {§% - frfy + - r R{6) (fh - f a &) , 

$ a = cosh 7 ($ 1 f a + $ 2 6 a ), (10) 

where $x — l' l P( r ), ^2 — an d 7 is an arbitrary constant. The spherical 

coordinate orthonormal unit vectors, f a , 6 a , and (fi a are defined by 

f a = sin 6 cos 51 + sin 6 sin 5% + cos 65%, 

6 a = cos 6 cos0 51 + cos 6 sin0 5% - sin 6 5%, 

a = - sin 5^ + cos(j) 6%, (11) 

where r = y/x i x i , 6 = cos _1 (x 3 /r), and = tan _1 (x 2 /xi). Ansatz (jTUjl satisfies 
the radiation or Coulomb gauge, = A% — 0. 



3.2 The Solutions 

Upon substituting ansatz (jTUjl into the equations of motion (JU), the resulting equa- 
tions are simplified to two first order differential equations, 

rip' + ip — ip 2 = —m(m + 1), 
R + Rcot6-R 2 = m(m + l), (12) 
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where ip' means ^ and R means The solutions for ip and R are then given 



dr 

respectively by 



(m + 1) — m(br) 



2m+l 



1 + (6r 



2m+l 



d//,n / a a {P m +i{cos6) + a Q m+1 (cos6))\ 

R{6) = (m + 1 )csc0 4cos0 — — — — — - f , 13 

{ (P m (cos9) + a Q m (cos9)) J 

where P m and Q m are the Legendre polynomials of the first and second kind of 
degree m, respectively, and — 1/2 < m < 0. For solutions regular along the positive 
z-axis, we required, R(0) = 0, and the integration constant a is set to zero. The 
integration constant b is just a scaling factor and without any loss in generality, 
we set b = 1 and the boundary conditions for ip(r) are ip{0) = m + 1 and 
■0(oo) = — m. In these dyon solutions there are no zeros of the Higgs field and 
the Higgs unit vector is only indeterminate at the origin where a monopole of half 
unit charge is located. 

From the ansatz (flUjl. the 't Hooft gauge potential becomes, 

sinh 7 



A, = = !EJr^(r) 2 + W (14) 

Hence the 't Hooft electric field is non zero when 7 ^ and the monopole becomes 
a dyon. 

3.3 The 't Hooft Magnetic Field 

The 't Hooft magnetic field is however independent of the gauge fields A a . To 
calculate for the 't Hooft magnetic field Bi, we rewrite the Higgs field from the 
spherical to the Cartesian coordinate system, [S] 

= $! 5 al + $ 2 5 a2 + $ 3 5 a3 (15) 

where $1 = sin # cos $1 + cos # cos $2 — sin0 $ 3 = |$| cos a sin /3 
$2 = sin^sin^ $! + cos^sinc/) <l ) 2 + cos0 $ 3 = |$| cosacos/5 
4> 3 = cos# $1 - sin# $ 2 = |$| sin a. (16) 

The Higgs unit vector can be simplified to 

$ a = cos a sin /5 5 al + cos a cos /3 5 a2 + sin a 5 a3 , (17) 

, . ip cos 6 1 — R sin # 7r , 

where, sin a = . = — , 3 — m, 

W 2 + R 2 2 

and the 't Hooft magnetic field is reduce to only the fj and 9i components, 

1 { d sin a 1 1 f (9 sin a ] ~ , . 

t 1 smv \ ov \ r sm 6 or \ 



The function, sin a, is a regular function over all space and the 't Hooft magnetic 
field is also regular everywhere except at the location of the monopole at the origin 
and along the negative z-axis where there is a semi infinite string singularity. When 
m = —1/2 and m — 0, sin a is independent of r and the magnetic field is purely 
radial in direction. We also notice that, Bi, can be written as 

Bi = e ijk d j (sin a) d k (3 = e ijk d j (sin a d k (3), (19) 

and that a suitable Maxwell four-vector gauge potential for this magnetic field is 

A = ^7^ + ^, A = (sina-l)^ = - (8ina ~ 1) ^. (20) 
r v r sin v 

When m — 0, the gauge potential, Ai, is just the usual Dirac string potential and 

it is singular along the negative z-axis. However when — 1/2 < m < 0, the gauge 

potential Ai still possesses a similar string singularity along the negative z-axis, 

but it is no longer the Dirac string. 

From Eq. ([r9*|) . it is obvious that the magnetic field is always perpendicular 

to the gradients of sin a and (3. Hence the magnetic field lines lie on the line 

sin a = k, where — 1 < k < 1, and <fi = constant. By plotting sin a = k on a 

vertical plane through the origin; we manage to draw the magnetic field lines for 

the configurations when m = —0.01, Fig.fll]); m = —0.05, Fig.Q; and m = —0.2, 

Fig-©- We have notice that for every field line through the origin, one end of 

the line goes to infinity, whereas the other end will make a loop and return back 

to r = 0. Therefore the magnetic flux going to infinity is only half of that of a 

monopole of unit charge. 



3.4 The Monopole Charge 

From Eq.fjHJ), the net magnetic charge enclosed by the sphere at infinity is calcu- 
lated to be, 



Moo = - ^ sin a 



1 , 1 

= -, when < m < 0, 

0,r— *oo 2 2 



= 1, when m = 0. (21) 

Hence the magnetic charge of the system is always one half over all space when m 
is a non integer less than zero and it is concentrated at only one point in space at 
r = 0. When m — 0, the half monopole becomes a unit monopole. 

3.5 The 't Hooft Electric Field 

The 't Hooft electric field of the dyons is given by 
Ei = — diA , 



sinh 7 < Jijj 2 + R? 



if) (if) + m)(if) — m — 1) 1 / fi 

W 2 + R 1 J V~ 
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smh7 \ 7WTW ) J ' (22) 
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Unlike the magnetic field, the electric field depends on the constant 7. Hence the 
electric field can be switched off by setting 7 = 0. As the parameter m decreases 
from —1/2 to zero, the 9i component of the electric field diminishes to zero while 
the radial component approaches 

^ = {77^-7^)4 (23) 



^1+r) (1 + r 

and the solution becomes spherically symmetric. The 3D field plot of the electric 
field for different values of m in the range —1/2 < m < 0, shows the presence of a 
positive point charge at r = and a positive line charge along the negative z-axis. 
Fig-® shows the 3D field plot for the case of m = — 1/2. The electric field which 
is pointing radially outward diminishes as 1/r 2 along the negative z-axis. 



3.6 The Electric Charge 

The electric charge densities, q = d l Ei, of these dyon solutions consist of a negative 
cloud charge distribution concentrated in regions around the origin and along the 
negative z-axis diminishing along the The positive charge densities are 

delta functions distributions at r = and along the negative z-axis. Fig.® and 
(JHJ) show the electric charge density distribution for the m = —0.05 and m = —0.5 
dyons respectively. The negative electric cloud charge density distribution is in 
blue and the positive charges are indicated in red. The charge distribution along 
the negative z-axis is greatest when m = —1/2 and continuously diminishes to 
zero as m approaches zero when the dyon's monopole charge changes from half to 
one. The total electric charge of the dyons can be obtained by Gauss' law, 

Q = Eifi r2 sin 6 d6d(p, 

J r—>oo 

= 27rsinh7 J ^m 2 + R(6) 2 sin 9 d6. (24) 

The charge concentrated at the origin is calculated to be 

Q = 27rsinh7 J yj(m + l) 2 + R(6) 2 sin6 dO. (25) 

Q and Qo can be numerically integrated using Maple 9.5. The charges of the dyons 
Q and and Qo depend on the parameter m and a point plot of Q and Qo versus 
m is given in Fig.©. The graph branches out at m = —1/2 indicating that there 
is totally no screening of the positive charge at r = of the m = —1/2 dyon. 
However as m increases from —1/2 to zero, screening of the delta function point 
source at r = takes place and when m = 0, total screening occurs and the net 
electric charge of the Wu-Yang type dyon is zero. 



4 Comments 

The ansatz (fTUj) used to construct the dyon solutions is introduced in the same 
standard way as in the construction of the Julia-Zee dyons years ago [TS]. Hence 
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when the parameter 7 is zero, the electric field is switched off and only the magnetic 
field remains and the dyon becomes monopole. 

The energy of these dyon solutions are infinite as they possess delta functions 
electric charge sources at the origin and along the negative z-axis. Infinite energy 
dyons solutions that are complex in the gauge potentials have also been discussed 
in the literature |14j . 

These dyon solutions of one half monopole charge are axially symmetric about 
the z-axis. Their gauge potentials and electromagnetic fields possess a string 
singularity along the negative z-axis. Configurations of one half monopole charge 
that possess axial symmetry and a semi infinite string singularity both in the gauge 
potentials and the electromagnetic fields have also been discussed in the literature 

EH 

Unlike the monopole solutions of the ansatz (jlOj) . where the parameter m can 
take only discrete positive integer values jHj, the dyons of one half monopole charge 
possess a continuous parameter, — l/2<m<0, and as m varies, the properties of 
the solutions like the electric charges Q and Q , the electric charge distribution, 
and the electric and magnetic fields change. However there is a small range of 
values of —0.005 < m < 0, for which the monopole charges become indeterminate 
by Maple 9.5 although we believe that the monopole charge should be one half as 
long as m < 0. 

Calculations show that the electric charges that give rise to the 9i component of 
the electric field are composed of a negative cloud charge distribution around the 
negative z-axis and a positive delta function charge distribution along the negative 
z-axis which exactly cancelled out the charges of each other at r infinity. 

The electric charges that give rise to the radial component of the electric field 
are all concentrated at r = when m = —1/2. Hence Q = Qo for the m = —1/2 
dyon. However when, — 1/2 < m < 0, there is a negative cloud charge distribution 
around the origin and this negative cloud charge increases in intensity until it 
reaches its' maximum value at m = where it totally screened off the positive delta 
function source at r = giving a zero net electric charge for the Wu-Yang type 
dyon when m = 0. Hence for the Wu-Yang type dyon, Q = 0, and Q = 47rsinh7. 
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FIGURE CAPTIONS 



Figure 1: The magnetic field lines of the m=-0.01 dyon. The one half monopole 
is located at r = 0. 
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Figure 2: The magnetic field lines of the m=-0.05 dyon. The one half monopole 
is located at r = 0. 
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Figure 3: The magnetic field lines of the m=-0.2 dyon. The one half monopole is 
located at r = 0. 
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Figure 4: The electric field of the m=-0.5 dyon. The positive electric charges are 
concentrated at r = and along the negative z-axis. 
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Figure 5: The contour plot of the electric charge density distribution of the m=- 
0.05 dyon. The negative electric charge density distribution is in blue and the 
positive charges are indicated in red. 
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Figure 6: The contour plot of the electric charge density distribution of the m=-0.5 
dyon. The negative electric charge density distribution is in blue and the positive 
charges are indicated in red. 
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Figure 7: The point plot of the net electric charges of the dyons, Q and Q Q in 
units of 47rsinh7 versus m. The upper curve is the net electric charge, Q , when 
r shrink to zero and the lower curve is the net electric charge, Q, at r infinity. 
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